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I will present an extension of the classical Bernstein estimates for systems of weakly coupled
fully non-linear elliptic concave equations, and for fully nonlinear equations involving nonlocal
operators. More precisely, we first consider a system of m equations of the following type:

F i(D2
xxu

i, Dxu
i,Λiu, ui, x) = 0, in Ω, i = 1, ...m, (A)

where Ω is an open and bounded subset of Rn. For each i, F i is an elliptic concave second order
partial differential operator, and the j–th component of the coupling operator Λi is defined as
(Λiu)j = uj − ui. We require the functions F i to be smooth and satisfy natural monotonicity
properties.

Such systems arise naturally in the optimal control of hybrid systems and in controlled Markov
process with random switching; see, for instance, Evans and Friedman [9], Arnarsson et al.. For
application to starting-stopping problem and applications to finance we refer the reader to Djehiche
and Hamadène [8]. Weakly coupled reaction-diffusion systems have also been studied by Barles,
Evans and Souganidis in [1] in view of applications to wavefront propagation.

Systems of fully non-linear elliptic weakly coupled concave equations have been investigated
extensively in the literature. Existence theory for viscosity solution for monotone systems of
elliptic PDEs have been studied by Ishii and Koike in [10], and for weakly coupled systems, by
Liu et al. [13]. The problem of solvability of quasimonotone weakly coupled systems of uniformly
elliptic PDEs in terms of viscosity solutions have been also considered, for equations of Isaac type,
by Quaas and Sirakov in [11].

Many classical estimates have been extended for these systems. For example, Busca and Sirakov
established in [2] Harnack-type inequalities for viscosity solutions of fully nonlinear cooperative
elliptic systems, and, in [7], de Figueredo and Sirakov proved Liouville-type theorems and a priori
estimates for solutions of boundary value problems for systems of elliptic PDEs.

The main result for systems of weakly coupled equations is an extension of Bernstein estimates
for first and second derivatives of solutions of such systems. Roughly speaking, Bernstein estimates
establish a bound (in the L∞–norm) for the gradient of a solution u of (A) in terms of ‖u‖ itself,
and the second-derivative bounds estimate ‖D2u‖ in terms of ‖Du‖, assuming that u is regular
enough.
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In the light of the approach of Caffarelli-Cabré [4, Ch. 9], Bernstein estimates follow rather
simply by the maximum principle for the linearized operator, say Li, associated to the nonlinear
problem (A). Although maximum principles for weakly coupled systems elliptic linear partial
differential equations are well known (see, for instance de Figueiredo and Mitidieri [6], Sirakov
[12]) we proved a particular statement, which is new, in so far as we know. The new issue is that
we assume that the function v that we want to enjoy the maximum principle only satisfies, for
any i, Liv ≥ 0 in a particular subset Ωi.

Our techniques can also be adapted to handle nonlocal integral operators, extending Bernstein
estimates for first and second order derivatives of solutions of such equations. Regularity theory
for these problems has been investigated, in a very general framework, by Caffarelli et al. in a
series of recent papers; see [5], [3] and references therein. The equation we deal with is

F (D2
xxu) +

∫
k(z)[u(x+ z)− u(x)]dz = 0 in Ω, (B)

where Ω is an open and bounded subset of Rn and the function k is a given positive kernel. Both
the cases of compactly supported smooth kernels, and kernels that are singular at the origin are
considered. Concerning the singular case, we are particularly interested in kernels of the form

k(z) =
1

|z|n+σ
, σ ∈ (0, 2),

that is, the fractional Laplacian. These operators arise in the study of jump processes. A version
of the maximum principle for the linearized operators associated to (B) will be discussed.
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